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Series solution method for particle-in-a-box

Problem

Determine the energy levels and normalized wavefunctions of a
particle in a potential box. The potential energy of the particle is
V=cforx<0andx>0,and V =0for0 < x < a.
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Solution:

The time-independent Schrodinger equation for the problem is

W d?
l_Zmdxz V(x)] p(x) = Ep(x)
where the potential energy is
V =0 0<x<a
= oo, x<0 or x>0

Figure 1: The potential energy
of the particle is co outside the
box, and zero inside it.
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The time-independent Schrodinger equation for the problem can now

be written as

n? 42

d2  2mE
e ) = o
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- [dxz () ]lp(x) =0

The general solution for the above equation is
px) = crexp (ixh ) +crexp (—ixh)
e fon () i ) o ) - ()
= (c1+c2) cos (x%) +i(c; — cp) sin (x%)
= Acos (x) + Bsin (x7)

h h
Now, let’s us derive the same solution using another method.

Series solution method

Let the solution be

j=0
The derivatives are
i i =
P(x) = jex!™
dx a

= (k+1)cppe1xk where k=j—1
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Now the time-independent Schrodinger equation can be written as
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The above equation is true for any k
2
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(
= (pcCos (%x) +Clz sin (%x)

= Acos (%x) + Bsin (%x) .

We have obtained the same general solution using two different
techniques. Now, we can apply the known boundary conditions for
finding a particular solution.

Introducing boundary conditions

$(0) =0 = Acos(0) +Bsin(0) = A =0

0= Bsin(EL) —0= PL_nno P17
1/J(L)—O:>Bs1n(hL>—0:>hL = B 5 (1)
Hence the solution is
. (N7
P, (x) = Bsin (Tx) n=12,.... (2)

For n = 0, o(x) = OVx which is a trivial solution.

Normalization

The condition for ¢, (x) to be normalized is

JACIEESt 3)
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Hence
s [ . o (NTT
|B| /0 dx sin (—L ) =1

Let us use the formula

x  sin(2ax)

) _x
/dx sin (txx)—2 iz

to get

=B=/7 )

Hence the normalized form of the solution is given by

Pu(x) = \/%sin <%x> n=12,.... (5)

Energy levels

Let us use the boundary condition Eq.(1)
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